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1. PCA, MDS & Principal Curve/Surface

PCA is a linear coordinate transformation

B

° To reduce the dimensionality of the data set

° To identify new “meaningful” (hidden) variables °r
m
. T 2 4r
min Y [|X = > (q} X)q; |
X j=1

max{q; Cq; =07}, ¢, Lq;,i# ] )|

» X : n-dimensional vector, zero-mean T
* {q;}: orthogonal, eigenvectors of data covariance C=E[XXT]
*m<n 0 2 4 : 5 10

IC-AJ[=0 PCA decomposition  -Q-[q,q, ..., q,]
o A=diag [hy, Ayy ... A ]

(C'}\vil)qizo QT E[ XX T ]Q =A * A=A, >... 2\, eigenvalues or variances
© simple, direct visualisation @ linear mapping
© stable (fast) solution @ batch operation

www.manchester.ac.uk August 2006 h.yin@manchester.ac.uk



Y
er

The Universit
of Manchest

MANCHESTER

1824

1. PCA, MDS & Principal Curve/Surface

PCA: Example —Iris data

‘4 T T T T T T T
« 150 4-D vectors 2l % Ins setosa ]
° 1 ] + s versicalor
3 categories, 50 points each A
49 30 14 02 2r 7

47 32 13 02

46 31 15 02 °,

50 36 14 02 T %% §

54 39 17 04 "+ o
+ o

46 34 14 03 # +io.8 é? e o

70 32 47 14
+
64 32 45 15 gL X R +'+T‘ |
69 3.1 49 15 +
55 23 40 13

65 28 46 15 -2t .
57 28 45 13

63 33 60 25 3r i
58 27 51 19
71 30 59 2.1
63 29 56 18 4 3 b B 0 1 7 3 4
65 30 58 22
76 30 66 2.1

Projection onto the 1stx2nd eigenvectors
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1. PCA, MDS & Principal Curve/Surface
MDS: Sammon Mapping
* 2
1 [dij _dij]
° ' ' ' ' Ssammon = ¥ Z %
25T d
°l ' i<j
) ) b ) - d;;"* inter-point distance in original space
3l L _ - d;;: inter-point distance in projected plot
© nonlinear, direct visualisation @ point-point mapping (no function)
© stable solution @ computational intensive
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MDS: Sammon Mapping

4 T T T T T T T

A+ 4
49 30 14 02
47 32 13 02 L |
46 3.1 15 02
50 36 14 02 " o
54 39 17 04 1k . 000 |
46 34 14 03 %ﬁwx it 0 05 9o

# e

...... al % 2%, N + §) |
70 32 47 14 ‘v X%@« % At 4¢+
64 32 45 15 e® % %, - 2% o
69 31 49 15 “‘ gl y +# i+ + T @o e |
55 23 40 13 + B
65 28 46 15
57 28 45 13 2t -
63 33 60 25 .
58 27 51 19 T T
71 30 59 2.1
63 29 56 18 ) . . . . . . .
65 30 58 22 -4 3 2 1 0 1 2 3 4

76 3.0 6.6 2.1
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1. PCA, MDS & Principal Curve/Surface

Principal Curve/Surface Projection:
Principal curve was defined by B e . B
Hastie and Stuetzle (1989) as a pr(X)= /SO:IZ{'O ' ”X f ('0)” - 1n9f||x f (9)||
smooth and self-consistent curve .
passing through the “middle” of the Expectation:
data. f(p)=EIX|ps(X)=p]

Kernel smoothing:

S
> xiK(p. )
F(p) =3
> Kk(p.pi)

© principled nonlinear extension of PCA ® lack good algorithm, esp. in 2D
© smooth mapping function @ boundary problems
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2. SOM: Background

SOM: Background—Hebbian Learning

When an axon of cell A is near enough to excite a cell B
and repeatedly or persistently takes part in firing it,
some growth process or metabolic changes take place In
one or both cells such that A’s efficiency as one of the
cells firing B, is increased. (Donald Hebb, 1949)

In mathematical term:  AW=aXxy

Oja’ rule:
Wi(t+1) = — w; (1) +ax; (1) y (1)
O Iw; () +ax; (D) YO}

]=1

~ W (1) + ay (DX (1) — y(OW; ()] + O(ar”)

www.manchester.ac.uk August 2006 h.yin@manchester.ac.uk
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2. SOM: Background

SOM: Background-Lateral Inhibition
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2. SOM: Background

SOM: Background - Model

Hebbian learning (Hebb 1949) AW=qaXy

von der Malsburg and Willshaw’s model (1973, 1976)

oy; (t
Aoy, 0= 3wy (0% 0+ D e = Dby Yie Vi*(O-0. i y(1)> 0
: k k' yj *(t) :{

ow;; (t ’
'J( ) = ax; (t)yj *(t), subjectto ZWij = constant

0 otherwise

ot
Kohonen’s model (1982) is an abstraction of von der Malsburg and Willshaw’s model A
YA0
Y5(t+1) = p[w]x(t)+ D hyy; (D] 502899095
ow; (1) x=|: 050900909
=ay j(1)x (1) — By (OHw; (1) 07209 h a7 09
ot : Oga 0-000
alX ()~ Wy (D], if jen®) L 0502
:a[xi(t)_wij(t)]yj(t)Z{O ! i 0

if je n(t)
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2. SOM: The Algorithm

SOM: Algorithm

At each time t, present an input, x(t), select the winner.
V=arg mion(t) - W, H
ceQ

« Updating the weights of winner and its neighbours.
Awy (1) = a(Dn(v, K, D[x(t) —w, (1)]

 Repeat until the map converges.

Typical neighbourhood function: 7} (V, k, t) oC CXp[—
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2. SOM: Interpretation

SOM: Quantisation, Topology & Cost Function

ANEERNENE imEEN
EEEEEN] ifEEER
AEEEEEENETNEEEEN
HEEEENEENE | EEEN
ENEREEREREEEEEN
EFEENIEFFEEEEENE
EEEEEREREEEAEREEEN
EPENEEFEFERNENEEN
ENEEEEFEEEEEEEEN
SEEEEEEEEEEEEENN
AEEEEEEEENEEEEN N
AN EEEEE NN .
AN EEEENEEEE -
ddIEEEEENETIAEN
AimENEEEEEITER
SENEEEEEEETINE

Topologically “ordered” map

, “Error tolerant” coding -HVQ
E(wW,,.Wy)= ZL Zhi,kHX -w, | p(x)dx (Luttrell, NC 1994)
o “Minimum wiring” (Mitchison, NC 1995),
(Durbin&Mitchson, Nature1990)

(Heskes, 1999)
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2. SOM: Variants/Extensions

SOM: Variants & Extensions
°  HVQ (Luttrell 1989)
° HSOM (Miikkulainen 1990), DISLEX (1990, 1997)
° PSOM (Ritter 1993), Hyperbolic SOM (1999), H2SOM
° Temporal Kohonen Map (Chappell &Taylor 1993)
° Neural Gas(Martinetz et al.1991) Growing Grid(Fritzke1995)
° ASSOM (Kohonen 1997)
° Recurrent SOM (Koskela, 1997)
° Bayesian SOM & SOMN (Yin&Allinson 1995,1997; Utsugi 1997)
° GTM (Bishop et al. 1998)
° GHSOM (Merkl et al. 2000)
° PicSOM (Laaksonen, Oja, et al., 2000)
° VISOM (Yin 2001, 2002)

www.manchester.ac.uk August 2006 h.yin@manchester.ac.uk
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2. SOM: Applications

SOM: Applications -Snapshots
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SOM: Applications -Snapshots

A Temporal Shape Metric :

Co-Expression Coefficient (Méller-Levet & Yin, Int.

J. Neural Systems, 15: 311-322, 2005)
X'y'dt

\/I X" dtj y'* dt

Foreign exchange modelling :
SOM+!ocaI SVM (H. Ni & Yin, 2006)

ce(x,y) =

ural
MMMMMMM

aaaaaaaaa
GGGGG

www.manchester.ac.uk

August 2006

Neuron 3 Neuron 2
G1 G1/s
21.4 min, 81.0.  27.1 min, 90.8 min.
Neuron 4 [ Neuron 1
S
— 37.8 min,
01 6 min.

Neuron 5 |

-1 Neuron 8

M/G1 -l G2
11.4 min, ¢ -1 43.5min,
78.8 min. C 107 min.
5 \
Ni/lljlrgz F Neuron 7
F - 1 M
11.4 min, ¢ 56.0 min
66.5 min. | ; ' ’
SOM+MLP |HSOM |Neural Gas |GARCH |ARMA
Mean Square
Error (¢-005) 2.05 4.11 2.65 2.90 2.94
Correct 579
Prediction  |73.62 50.55 [65.38 51.11 ’

@)
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2. SOM: Data Visualisation
SOM: Data Visualisation — Dimensionality Reduction
i N * * " + o O IS - n
" e + o) o 4 S
80% * ¥ XXX + + o o eC " . o ol
© % * o + - © © & 5 I e @
70 ;x o o, - o . . - i !
B0 |- ¥ o® XX N - + o - ls .
50? : 4 y b4 ++ + o o > OO -
. ><>< o * + ¢ o o 7 4
40 = y X N + P 4 40
o * tr " T E . ac
+ . " )
20F . + N u . O+ | sl
10+ & o ! + ; <9 o
+ + <
0 + ) e L@ L O .
1] 20 40 60 20 100
© topology preserving mapping @ non distance preserving
© (discrete) mapping function @ boundary problems
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58 2. SOM: Data Visualisation
=5  SOM: Data Visualisation —-Knowledge Management

Tree-View SOM

. Untitled - Ric8OM _ ol x|
File Edit WView Setfings Help
CEzHli=2R=27 0
E-21 Al Documents (516) Prentice find
-1 health care paramedic patient nurse 1 (54) Hall catalogcustomeryourpubl|shtechno|o.
4 enfrepreneur business financial verture plan 2 (S58) i search support | PH with us solutio
-1 anthropology law human heat court 3 (266)
473 circuit network protocal woice electronic 4 (72)
=41 control hardware programming instrument embeddad 5 (50)

4 engineer re module tookit emissary & (38) SESHLE'{"S Algebra and
E.g:a%gonometry tr|gfcijmometr\c function matt|1 aEebra l? (30} s « Course List Tngonometry, 1/e
B4 frigonometry function trigonometric algebra polynomial 44 (€] .
DocB0; Precalcuius: Enhanced with Graphing Utiites m—— E;&ﬁ?&;‘;ﬁer‘
Doc 185 Algebra & Trigonometry Enhanced with Graphing « Table of Contents & Community
| College
* Pref;
{E] Docz41: Precalculus CEELs
{&] Doc305: Precalculus Concapts, Preliminary Edition SUPPLEMENTS Copyright
- : Doc401: Algebra and Trigonometry: Graphing and Data Ar = Instructars TR|GON ]R‘( gluoutﬁ’féensétpu‘
courtesy of S. Kaski and T. Kohonen @ bigonometry flrncton genomen dgebracars 45 () | - Sugents
=47 trigonametric information math mathematic image 46 (5) 089332-3
#-421 mathematic trigonametric math fraction geometry 47 (3) » Reguest an exam copy
=4 mathematic circuit math class success 48 () SEE ALSO: » Comment on this product
w47 math mathematic balance tech trigonometry 49 (6) + Take a tour » Send this page to &
=420 fiter transform digital signal charnel 8 (50) colleague
=423 transform signal discrete continuous time 50 {10) > SL%” up t]:‘-j’r ftuture mailings
: . Doct3: Fundamentals of Signals and Systems Using the W Gn this sublect.
E)oc}?z gomcepts in Systems amd Slgma\s = £
<] | T | >
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2 3. VISOM & Principal Curve/Surface
= :
5 ViISOM: Visualisation induced SOM

(Yin, IEEE Trans Neural Networks,13: 237-243, 2002}

° To preserve distance/metric on the map at
° To extrapolate smoothly 3t
Principle

SOM update: 1!

wi (t+1) = w (1) + a(On(v, K, D[x() —w (D]

x(t) ® x(t) o x(t)

/ Contraction /
wi(t) wi(t)
B 4
/// Wv(t) Wv(t) //
/ Expansion /
wi(®) ¥

wi(t) )
ViSOM

www.manchester.ac.uk August 2006 h.yin@manchester.ac.uk
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3. VISOM & Principal Curve/Surface

VISOM: Algorithm
e Grid structure and winner selection same to SOM

« Updating
Awi (1) = a0,k (X — W, (O + Wy () = Wi (D]

* Refreshing

(dvk B Avk/?*)
Ay A

At certain iterations (e.g. 20%), choosing a neuron randomly and
using its weight as an alternative input.

dvk
Ay A

Awy = wi )+ a7k DX = wy (0141 + (1— E)-25— 1w, (1) - w, (0])

www.manchester.ac.uk August 2006 h.yin@manchester.ac.uk
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=5  ViSOM: Examples 8
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VISOM: Examples

4 T
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3. VISOM & Principal Curve/Surface
p - source: The Sunday Times, 18 September 2000

Ranking University F1 F2 F3 F4 F5 F6 F7 Total
1 Cambridge 241 182 247 97 88 100 50 1005
2 Oxford 214 175 244 97 81 100 30 941
3 LSE 200 175 233 97 68 100 50 923
4 Imperial 203 154 232 08 67 100 10 864
5 York 206 143 208 94 63 76 60 850
6 UCL 172 152 210 95 71 100 30 830
7 St Andrews 139 131 194 96 73 91 100 824
8 Warwick 153 155 215 97 69 86 20 795
9 Bath 132 142 211 97 66 83 60 791
9 Nottingham 176 125 218 96 74 7 30 791
11 Bristol 145 131 218 96 75 94 20 779 _
1 Durham 163 132 207 91 64 7 50 779 F1:Research
11 Edinburg 106 145 218 96 74 100 40 779 2-Teachin
14 Lancaster 156 144 186 95 62 63 50 756 F -1eac g
15 UMIST 135 144 188 97 58 100 30 752 F3:A-levels
16 Birmingham 146 127 204 96 67 87 20 747 )
17 Loughborough 162 115 177 95 57 66 60 732 Fa: Employ_/ment
18 Southampton 143 124 180 93 55 71 50 716 F5-S/S ratio
19 King’s College 135 126 204 96 63 100 210 714 ] ]
20 Newcastle 134 117 193 97 60 87 20 708 F6:1st/2:1s
21 Manchester 125 134 198 96 66 98 -10 707 F7:Dr0pout rate
22 Leeds 122 127 199 97 61 74 20 700
23 Sheffield 143 125 213 97 61 7 220 691
24 East Anglia 125 127 176 96 63 60 40 687
24 Leicester 125 120 183 94 52 93 20 687
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3. VISOM & Principal Curve/Surface

oCambridge

VISOM: Examples =
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chlfanwick cDurham
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DBI‘ISID|. ) SUMIST obiath

. oking's College oBimmingham

0E0AG asheffield 2 4
oMewcastle

chlanchester oleeds oBast Anglia

olGlasgow oleicester oEssex

oCardiff oRoyal Holloway oExeter
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aReading .

oliverpoal  oSumey

oHull
e oldemiths olmnfield
oftrathelyde DDundeeDKenf ring
ofberdeen

obradford  oCity University
ollister

oSalford oHeriot-iatt

oMottingham Trent

olCovernit

odohn hoofes

aRob Gordon gﬁﬁﬁp

oCentral Lancashire
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3. VISOM & Principal Curve/Surface

VISOM: A Discrete Principal Curve/Surface
(Yin, Neural Networks, 15: 1005-1016, 2002)

Projection:
_ SOM/ViSOM smoothing:
pi () =sup{p:[x— f(p)|=inflx - f (9| :
pei 9 Zi x;h(k,i)
. Wi = S
Expectation: '
Xp Zi h(k,i)
F(p)=E[X]ps(X)=p] SOM: |k-1[|[wj-wi
Kernel smoothing: VISOM: |[K-1[|~|[w,-w|

ZS XiK(,O,,Oi)

> K(p. 1)

www.manchester.ac.uk August 2006 h.yin@manchester.ac.uk
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3. VISOM & Principal Curve/Surface

VISOM: STVQ (Graeple, Burger&QObermayer,Phys. Rev. E 1997)
+VISOM -2 PRSOM(Wu&Chow IEEE-TNN 16(6),2005)

wj(t+1) = w; () +e(t)p} (a(t) !Z pi (o) ([a(t) — wi(0)]

b ln(t) — ()] 2 255
v [wi(t) — w;(t : : .
I\ XAZ + T

2

Zg} ) [2(t) — w,]

E = Fyq +7Freg Z

f_l =1
M N N 2 2 )2
Y (d,‘mi B }"ﬂ"jm)
4 — ) ) Db (.L'(f)) P (:L‘(t)) 2
8 o e o] (/‘iﬁ 4 Ij'm)
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3. VISOM & Principal Curve/Surface

Other PC/S algorithms:

« SOM has been related to PC/S and termed discrete PC/S by
Ritter, Martinetz & Schulten in 1992. However, the differences are:

° Projection onto nodes instead of curve/surface
° Smoothing is governed by indexes in the map space, not the input space

ZIS xih(k,i) ZiSXiK(P,Pi)

W, = F(p)=
“ Zish(k’i) Zislc(p,pi)

SOM: |[k-1][[|w\-w;[|=[| 0 -pil

ViSOM: |[K-1||=||w-w;]]

&5

GTM (generative topographic mapping) and PPS (probabilistic principal surface)
are parametrised SOMs with GTM using spherical and PPS oriented Gaussians for

the nodes.

www.manchester.ac.uk August 2006 h.yin@manchester.ac.uk
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3. VISOM & Principal Curve/Surface

Other PC/S algorithms:

 Polygonal Algorithm: proposed by Kégl, et al 1999 for
incrementally constructing PC.:

° Consist of (connected) line segments and vertexes with total length constant.

° The number of segments or vertexes is increasing to a certain level.

. ) ~ Lo
A(x, f)=min|[x~f(p) | F=argmini— . ACx, )}

feS
° Projection (most data points) on segments instead of nodes (vertexes).

° New vertex 1s added to the longest segment (middle point).

www.manchester.ac.uk August 2006 h.yin@manchester.ac.uk
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3. VISOM & Principal Curve/Surface

Other PC/S algorithms:

 |Isomap: proposed by Tenenbaum, Silva and Langford 2000 for
nonlinear dimensionality reduction.

° Construct neighbourhood graph: by d,(i,])<e or K nearest neighbours.
° Compute the shortest (geodesic) paths: min{d;(i.j), d;(i,K)+ dg(k.))}.
° Construct low dimension embedding: by applying MDS,

- - - P— [ o,
T A L iy o — %
s -_1’«{ e s b rL s i
'h FET—R 'T.*.r _..'.;1:’..; -
K . %y ':;_
# e ip i L w3l -
- L Th LR L e
C S At al 1:
T YN
L L o +
e a* - -
o i - e =
L *
b ﬂ_ -"1_._ fr 1-"" 4?
- L)
4 ¥ e e
o o
X, L&
A L) l. .i N
. ¥, .
Ty fo 3.0
a = P g
W .
=
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3. VISOM & Principal Curve/Surface

Other PC/S algorithms:

« Local Linear Embedding: proposed by Roweis and Saul 2000

also for dimensionality reduction. o o 2o @ selectneighoors
o .
° Select neighbourhood graph: o * 0
K nearest neighbours. I
° Reconstruct linear weights: * e . ;1 °g
- L o o
—mi _ 2 - ° o,
eW)= manH X ijijxj | L Rm:unstruntwg? o "\ q.: ,:{;::f X
I . . LT W
° Compute embedding coordinates Y: linear weights | © oI
) 5 \ i ’I,ev:,i‘im__\‘ X.
O(Y)=min ) ||Y, —ijijvj I e 00 ¢ o
i ] ] [n] "--..r"r.. r,"‘
L Ly .
i o 'r,I(‘wk Y, o
o L & ; -:':I::;r? ______ am=mT
o - . . ‘Yi @

o N Map to embedded coordinates
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4. Kernel SOM & Mixture Model

Kernel SOM: Background
« Kernel method has become popular.

. X—>F, xb@(x)
K1 XxX eR,  K(x3y) = (4(x), 4(¥))

e PCA i
Cq=4q, C=—>xxl. q= Za. X;.
« Kernel PCA !

Ko=Ae, Kij=(x).0x))  a=[a,c...a],

q= Zai¢(xi ), <¢(Xk)>‘I> = Zai’f(xkoxi)a
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4. Kernel SOM & Mixture Model

KM-Kernel SOM (MacDonald & Fyfe 2000):
¢ X—>F X ¢(X), m; = Zai,n¢(xn)a

| ¢(x) - m; =]l ¢(x) - > i nb(x) I

= K(X,X) _2Zai,nK(XaXn) + Zai,nai,m’((xn ,Xm)
n n,m

$ix).i
m; (t +1) = m; (t) + A[#(x) — m; (1)], A Ztil )2
n=1"1i,n
ain(t+1):{aia”(t)(1_/\), forn=t+1
| 5 forn=t+1

www.manchester.ac.uk August 2006 h.yin@manchester.ac.uk
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4. Kernel SOM & Mixture Model

GD-Kernel SOM (Andras 2002; Pan et al. 2004):
V:argmiin||x—mi & V:argmiin||¢(x)—¢(mi)||2
m; (t+1) = m; (1) + a(Hh(v(x),1)VI(x,m;)

J(x,m;) = #(x) = p(m;) || = & (x, %) + & (m;,m; ) = 26(x, m;)

Ok(mj,m;) _ Ok(X,m;)

2

Vl(x,m;) =
(X I) 5mi (9mi

vV =argminJ(x,m;) = arg min[—2x(X,m; )] = arg min[—exp(—
| | |

m; (t+1) = m; (t) + a(t)h(v(x), i)%exp(— |

2
[X—m |

2
| X —m; ||

20 20

)(X —m;)
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4. Kernel SOM & Mixture Model

Kernel SOM:

Table: Classification errors on UCI colon cancer dataset. M, A and
V denote the minimum distance, average distance and majority
voting methods to label the nodes.

Kernel Type | Kernel SOM | Type Il Kernel SOM SOM

M A \Y M A \Y M A \Y

Gaussian 5.6 5.8 5.6 5.3 53 5.7 4.3 7.0 3.8

Cauchy 5.5 5.6 5.5 5.5 5.5 4.8

Log 4.6 4.6 4.6 5.2 5.2 4.6

www.manchester.ac.uk August 2006 h.yin@manchester.ac.uk
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4. Kernel SOM & Mixture Model

Mixture Model: px)
K
p(X|®):Zpi(X|‘9i)Pi
=1

Kullback-Leibner divergence:

I= —Ilog Sg; p(x)dx

Bi=[m:, Li]
a 1 a6 !
0. Ji x0) ap P
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4. Kernel SOM & Mixture Model

Self Organising Mixture Network
(Yin & Allinson IEEE Trans Neural Networks, 12:405-411, 2001)

O (t+1) = 6,(t) + a(Hh(v(x), D[

= 6, (t) + a(Oh(v(x),D)[

B+ =R D) +aO

pi(x|6)R()

1 ob(x|®>]
p(x|©) b,
P.(t) D;(x16,)

ZP(t)p (x]6;)

-R(®]=

V =arg m_ax{ls(i |X) =
|

www.manchester.ac.uk

p(x |©)

P.p;(x|6;)

p(x|©) }

August 2006
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4. Kernel SOM & Mixture Model

Self Organising Mixture Network:

Homoscedastic case

v = argmax pi(x|6)

BTy

;i (x]6;)

mi(t+1)=mi(t)+a(t)h(V(X)’i)z pl(x|9) an;
jrann |
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4. Kernel SOM & Mixture Model

Self Organising Mixture Network:
Homoscedastic and Gaussian case

2
X —m; ||

2672

)]

vV = arg max[exp(—
|

m; (t+1) = m; () + a(H)h(vV(x), |)

The same as those of Kernel SOM !!
(Yin, Neural Networks, 19: 780-784, 2006)
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5. Summary

« SOMs are a useful tool for clustering and
visualisation and management (organisation.

 VISOM is particularly suited for direct data
visualisation or manifold mapping where
distance preserving (and topology) is important.

« Kernel SOM is linked to mixture model
(probabilistic) and thus can outperform SOM In
some cases when parameters are optimised.

« SOM approximates a natural kernel method.

www.manchester.ac.uk August 2006 h.yin@manchester.ac.uk
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hank You!

Questions ?
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