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More Questions than Answers?!
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GENERIC Structure

General equation for the nonequilibrium
reversible-irreversible coupling

metriplectic structure (P. J. Morrison, 1986)

dx
dt
------ L x( ) δE x( )

δx
--------------⋅ M x( ) δS x( )

δx
--------------⋅+=

L x( ) δS x( )
δx

--------------⋅ 0= M x( ) δE x( )
δx

--------------⋅ 0=

L antisymmetric, M Onsager/Casimir symm., 
positive-semidefinite Jacobi identity
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Statistical Mechanics: Entropy

relative entropy
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Statistical Mechanics: Friction Matrix

D 1
2∆t
--------- ∆x( )2〈 〉=cf.

Green-Kubo

EinsteinMjk
1

2kBτ
------------ ∆τΠj ∆τΠk〈 〉x=

Mjk
1
kB
----- Π

·
k
f

0( )Π
·
j
f
t( )〈 〉x td

0

τ

∫=

τ1 τ2
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GENERIC with Fluctuations

dx
dt
------ L x( ) δE x( )

δx
--------------⋅ M x( ) δS x( )

δx
--------------⋅ B x( )

dWt
dt

---------⋅ kB
δ
δx
----- M x( )⋅+ + +=

B x( ) B x( )T⋅ 2kBM x( )=

fluctuation-dissipation theorem

dWt
dt

---------〈 〉 0=
dWt
dt

---------
dWt'
dt'

----------〈 〉 δ t t'–( )1= Wiener
process

Itô

Some important issues:
• Partial stochastic differential equations
• Fluctuation renormalization (long-time tails, mode-coupling)
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Fluctuation Renormalization

dx
dt
------ L x( ) δE x( )

δx
--------------⋅ M x( ) δS x( )

δx
--------------⋅ B x( )

dWt
dt

---------⋅ kB
δ
δx
----- M x( )⋅+ + +=

• Elimination of noise by coarse graining operation
• Projections from probability distributions to averages
• Warning about time scales: Onsager’s regression hypothesis
• Renormalized friction matrix M x( )
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Fluctuation Renormalization

dx
dt
------ L x( ) δE x( )

δx
--------------⋅ M x( ) δS x( )

δx
--------------⋅ B x( )

dWt
dt

---------⋅ kB
δ
δx
----- M x( )⋅+ + +=

• Elimination of noise by coarse graining operation
• Projections from probability distributions to averages
• Warning about time scales: Onsager’s regression hypothesis
• Renormalized friction matrix M x( )

µjk t( )
1
kB
------ ϕ̂l x

·
k

〈 〉x e
A x( )t[ ]ll'  ϕ̂l' x

·
j〈 〉x

l l',
∑=

All' x( ) ϕ̂l ϕ̂l'〈 〉x=

ϕ̂l : ON basis of
orthogonal complement to
space of linear functions

infinitesimal generator of FPE:
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Mode Coupling

• Only quadratic functions
• Only Gaussian fluctuations
• Only drift term of infinitesimal generator

µjk t( )
1

2kB
---------

δ2x·k x( )
δxk′δxk″
-------------------- C x( ) ea x( )t⋅[ ]k′j′ C x( ) ea x( )t⋅[ ]k″j″ 

δ2x· j x( )
δxj′δxj″
-------------------

j'j″k′k″
∑=

C x( ) x x–( ) x x–( )〈 〉x=

ajk x( )
δx·k x( )
δxj

----------------=
x· j

xj′

xj″

x·k
xk″

xk′
Vj′j″
j Vk′k″

k

t

t
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Remarks

• Manageable calculations (use eigenmodes!)

µjk t( )
1

2kB
---------

δ2x·k x( )
δxk′δxk″
-------------------- C x( ) ea x( )t⋅[ ]k′j′ C x( ) ea x( )t⋅[ ]k″j″ 

δ2x· j x( )
δxj′δxj″
-------------------

j'j″k′k″
∑=
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Remarks

• Manageable calculations (use eigenmodes!)
• Use reversible contribution to  only (GK: linear 

superposition of noise on different scales)
δ2x· j x( ) δxj′δxj″⁄

µjk t( )
1

2kB
---------

δ2x·k x( )
δxk′δxk″
-------------------- C x( ) ea x( )t⋅[ ]k′j′ C x( ) ea x( )t⋅[ ]k″j″ 

δ2x· j x( )
δxj′δxj″
-------------------

j'j″k′k″
∑=
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Remarks

• Manageable calculations (use eigenmodes!)
• Use reversible contribution to  only (GK: linear 

superposition of noise on different scales)
• No objectivity (under nonlinear transformations of variables!)

δ2x· j x( ) δxj′δxj″⁄

µjk t( )
1

2kB
---------

δ2x·k x( )
δxk′δxk″
-------------------- C x( ) ea x( )t⋅[ ]k′j′ C x( ) ea x( )t⋅[ ]k″j″ 

δ2x· j x( )
δxj′δxj″
-------------------

j'j″k′k″
∑=
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Remarks

• Manageable calculations (use eigenmodes!)
• Use reversible contribution to  only (GK: linear 

superposition of noise on different scales)
• No objectivity (under nonlinear transformations of variables!)
• Lack of objectivity is NOT a problem of mode coupling

δ2x· j x( ) δxj′δxj″⁄

µjk t( )
1

2kB
---------

δ2x·k x( )
δxk′δxk″
-------------------- C x( ) ea x( )t⋅[ ]k′j′ C x( ) ea x( )t⋅[ ]k″j″ 

δ2x· j x( )
δxj′δxj″
-------------------

j'j″k′k″
∑=
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Remarks

• Manageable calculations (use eigenmodes!)
• Use reversible contribution to  only (GK: linear 

superposition of noise on different scales)
• No objectivity (under nonlinear transformations of variables!)
• Lack of objectivity is NOT a problem of mode coupling
• Is there a distinguished linear space of variables?

δ2x· j x( ) δxj′δxj″⁄

µjk t( )
1

2kB
---------

δ2x·k x( )
δxk′δxk″
-------------------- C x( ) ea x( )t⋅[ ]k′j′ C x( ) ea x( )t⋅[ ]k″j″ 

δ2x· j x( )
δxj′δxj″
-------------------

j'j″k′k″
∑=
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Remarks

• Manageable calculations (use eigenmodes!)
• Use reversible contribution to  only (GK: linear 

superposition of noise on different scales)
• No objectivity (under nonlinear transformations of variables!)
• Lack of objectivity is NOT a problem of mode coupling
• Is there a distinguished linear space of variables?
• Lie-Poisson:  

δ2x· j x( ) δxj′δxj″⁄

x· jrev LjkδE δxk⁄ Γl
jkxlδE δxk⁄= =

µjk t( )
1

2kB
---------

δ2x·k x( )
δxk′δxk″
-------------------- C x( ) ea x( )t⋅[ ]k′j′ C x( ) ea x( )t⋅[ ]k″j″ 

δ2x· j x( )
δxj′δxj″
-------------------

j'j″k′k″
∑=
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Remarks

• Manageable calculations (use eigenmodes!)
• Use reversible contribution to  only (GK: linear 

superposition of noise on different scales)
• No objectivity (under nonlinear transformations of variables!)
• Lack of objectivity is NOT a problem of mode coupling
• Is there a distinguished linear space of variables?
• Lie-Poisson:  

•

δ2x· j x( ) δxj′δxj″⁄

x· jrev LjkδE δxk⁄ Γl
jkxlδE δxk⁄= =

δ2x· jrev

δxj′δxj″
------------------- Γj′

jk δ2E
δxj″δxk
------------------ Γj″

jk δ2E
δxj′δxk
----------------- Γl

jkxl
δ3E

δxj′δxj″δxk
---------------------------+ +=

µjk t( )
1

2kB
---------

δ2x·k x( )
δxk′δxk″
-------------------- C x( ) ea x( )t⋅[ ]k′j′ C x( ) ea x( )t⋅[ ]k″j″ 

δ2x· j x( )
δxj′δxj″
-------------------

j'j″k′k″
∑=
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Remarks (Continued)
• Manageable calculations (use eigenmodes!)
• Use reversible contribution to  only
• No objectivity (under nonlinear transformations of variables!)
• Lack of objectivity is NOT a problem of mode coupling
• Is there a distinguished linear space of variables?
• Lie-Poisson:  

•

• How about energy conservation?

δ2x· j x( ) δxj′δxj″⁄

x· jrev LjkδE δxk⁄ Γl
jkxlδE δxk⁄= =

δ2x· jrev

δxj′δxj″
------------------- Γj′

jk δ2E
δxj″δxk
------------------ Γj″

jk δ2E
δxj′δxk
----------------- Γl

jkxl
δ3E

δxj′δxj″δxk
---------------------------+ +=
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Remarks (Continued)
• Manageable calculations (use eigenmodes!)
• Use reversible contribution to  only
• No objectivity (under nonlinear transformations of variables!)
• Lack of objectivity is NOT a problem of mode coupling
• Is there a distinguished linear space of variables?
• Lie-Poisson:  

•

• How about energy conservation? It suggests:

•

δ2x· j x( ) δxj′δxj″⁄

x· jrev LjkδE δxk⁄ Γl
jkxlδE δxk⁄= =

δ2x· jrev

δxj′δxj″
------------------- Γj′

jk δ2E
δxj″δxk
------------------ Γj″

jk δ2E
δxj′δxk
----------------- Γl

jkxl
δ3E

δxj′δxj″δxk
---------------------------+ +=

δ2x· jrev

δxj′δxj″
-------------------

δ2Ljk
δxj′δxj″
------------------- δE

δxk
--------=
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Fluctuation Renormalization: Summary

• What is the problem?
• What do we get from projection-operator techniques?
• How can we use mode coupling theory?
• Is there any objective result?
• Are there distinguished variables? (universal or problem-specific?)
• Are Lie-Poisson brackets the key?
• How about energy conservation for the renormalized theory?

x· j

xj′

xj″

x·k
xk″

xk′
Vj′j″
j Vk′k″

k

t

t

Vj′j″
j δ2Ljk

δxj′δxj″
------------------- δE

δxk
--------=
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